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1 Introduction
A chordal ring, denoted by $CR\langle N,$ $d$ ), is a graph $G=(V, E)$ , where $V=\{0,1, \cdots , N-1\},$ $E=$
{. $(\cdot u,\cdot n)|[v-\cdot u]_{N}=1$ or $d$ }, $2\leq d\leq N/2$ . and $[r]_{N}$ dellotes $r$ . modulo $N$ . If $2\leq d<N/2$ then
$CR(N,d)$ is 4-regular, and if $4\leq 2d=N$ then $CR(N, d)$ is $3- 1^{\cdot}\mathrm{e}\mathrm{g}\iota \mathrm{l}\mathrm{a}\mathrm{r}.$ Exampies of chordal rings
are shown in Figure 1. Chordal rings have a $\mathrm{n}\iota \mathrm{l}\mathrm{m}\mathrm{b}\mathrm{e}\mathrm{r}$ of advantages as $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{C}\mathrm{o}\mathrm{n}11\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ networks. For
any pair of $N$ and $d\mathrm{s}\mathrm{a}\dot{\mathrm{t}}\mathrm{i}_{\mathrm{S}}\mathrm{f}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}2\leq d\leq N/2,$ $\mathrm{c}\mathrm{h}_{01}\cdot \mathrm{d}\mathrm{a}1$ ring $CR(N, d)\mathrm{e}\mathrm{x}\mathrm{i}_{\mathrm{S}\mathrm{t}}|\mathrm{s}$. They are regular and
with fixed degrees (3 or 4). It can be easily exteIlded or reduced. For example, ill order to extend
$CR(N,d)$ to $CR(N+1, d)$ , we need only $O(d)$ connection changes.
$\iota_{/}\mathit{1}\mathrm{Y}(\perp 4,4l \{,\Pi|\perp 4, l)$
$\mathrm{F}\mathrm{i}\mathrm{g}\iota \mathrm{u}\cdot \mathrm{e}1$ : Chordal rings
A set of paths connecting a pair of vertices in a graph are said to be internally disjoint if and
only if any pair of the set have no common vertices and no $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{I}\mathrm{n}\mathrm{o}\mathrm{n}$ edges except for their extreme
vertices. Two spanning trees of a graph $G=(V, E)\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ said to be independent if they are rooted
at the same vertex, say $r$ , and for each vertex $v$ in $V$ , the two paths from $r$ to $n,$ olle path ill each
tree are internally disjoint. A set of spanning $\mathrm{t}_{1}\cdot \mathrm{e}\mathrm{e}\mathrm{s}$ of a $\mathrm{g}_{1}\cdot \mathrm{a}\mathrm{p}11$ are said to be independent if they $\mathrm{a}\mathrm{l}\cdot \mathrm{e}$
pairwise independent. A graph $G$ is called an ?-channel $\mathrm{g}_{1}\cdot \mathrm{a}$ph at vertex $r$ if $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ are $?l$ independent
spanning trees rooted at $r$ of $G$ . If $G$ is an $n$-channel graph at every vertex, $G$ is called an n-channel
graph. For example, the n-dimensioIffi hypercube ( $n$-cube for short) is an $n$-chanllel graph. Three
independent spanning trees rooted at the same vertex of the 3-cube are shown in Figure 2, $\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$
bold lines denote edges of independent spanning trees.
Itai and Rodeh [9] gave a linear time algorithm for finding two independent spanning trees in a
biconnected graph. Cheriyan and Maheshwari [6] showed how to find three independent, spamling
trees of any 3-colmected graph $G=(V, E)$ in $O(|V||E|)$ time. Zehavi and Itai [12] showed also that
for any 3-connected graph $G$ and for any vertex $r$ of $G$ there are three independent spalming trees
rooted at $r$ . They conjectlrred $[10][12]$ that any $k$-connected graph has $k$ independent, spanning trees
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Figure 2: Independent spanning trees $1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{d}$ at $0$ of the 3-cube
rooted at an arbitrary vertex $r$ . Recently Huck has proved that for any $k$-conmected planar graph with
$k=4$ or $k=5$ (i.e., for any planar graph since any $k$-connected graph with $k\geq 6$ is nonplanar) there
are $k$ independellt spanning trees rooted at any vertex $[7][8][5]$ . For arbitrary k-connect,ed graphs
with $k\geq 4$ , the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\iota\iota \mathrm{r}\mathrm{e}$ is still open. It has been also shown that if $G_{1}$ is an $?\iota_{1}$ -channel graph
and $G\underline{\cdot)}$ is an $n_{2}$-channel graph, then the product graph of $G_{1}$ and $G\underline{\cdot)}$ , denoted by $G_{1}\cross G_{\mathit{2}}$ , is an
$(?\iota_{1}+n_{2})$-channel graph [11]. From this fact it is immediate that the $?l$-cube, an ?-dilnensional mesh
and an $?l$-dimensional torus are an $n$-channel $\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{p}\mathrm{h}.$’ an $n$-channel graph, and a $2n$-challnel graph,
respectively.
Broadcasting in a distributed system is the message dissemination from a $\mathrm{s}\mathrm{o}\iota \mathrm{u}\cdot \mathrm{c}\mathrm{e}$ processor to
every other processol in the system. It has been shown that broadcasting along independent spanning
trees are efficient and reliable $[2][3]1^{4}][9]$ . In fact, if $G$ is an $?l$-channel graph and the source vertex is
faultless, then $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ exists a broadcasting scheme that can tolerate up to n-l faults of the crash type
and up to $\lfloor(?x-1)/2\rfloor$ faults of the Byzalltine type. All $\mathrm{t}_{1\mathrm{a}\mathrm{n}}.\mathrm{S}\mathrm{I}11\mathrm{i}\mathrm{s}\mathrm{S}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{S}$ by such a broadcasting scheme
contribute to the majority voting to obtain the $\mathrm{c}\mathrm{o}\Gamma 1^{\cdot}\mathrm{e}\mathrm{C}\mathrm{t}$ message, alld its conunullication complexity
is optimal to $\mathrm{t}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{l}\cdot \mathrm{a}\mathrm{t}\mathrm{e}$ up to $\mathrm{L}\mathrm{t}n-1$ ) $/2\rfloor$ faults of the $\mathrm{B}y_{\mathrm{Z}\mathrm{a}}\mathrm{n}\mathrm{t}\mathrm{i}11\mathrm{e}$ type $[2][3][4]$ .
In general it is hard to construct ? independent spanning trees rooted at the salne vertex of a
given $?l$-connected graph. If $N$ is even and $d=2$ then $CR(N, d)$ is planar. If $d=2$ and $N$ is an
odd integer greater than 4, or if $3\leq d\leq N/2$ , then $CR(N.d)$ is nonplallar. In tllis papel$\cdot$ we show
how to construct 4 independent spanning trees of $CR(N, d)$ for $2\leq d<N/2$ and how to construct
3 independent spanning trees of $CR(N, d)$ for $2\leq d=N/2$ . From the construction we can say that
$CR(N, d)$ is a 4-channel graph for $2\leq d<N/2$ , and a 3-channel graph for $2\leq d=N/2$ .
2 Construction of Independent Spanning Trees
Chordal rings are $\mathrm{s}\mathrm{y}\mathrm{m}\mathrm{m}\mathrm{e}\mathrm{t}_{1}\cdot \mathrm{i}_{\mathrm{C}}$ with respect to vertices. Hence, without loss of generalit,$\mathrm{y}$ we may
only consider independent spanning trees rooted at vertex $0$ of each $\mathrm{c}\mathrm{h}\mathrm{o}\mathrm{l}.\cdot \mathrm{d}\mathrm{a}\mathrm{l}\mathrm{l}\cdot \mathrm{i}\mathrm{n}\mathrm{g}$. We first $\mathrm{a}\mathrm{s}\mathrm{s}\iota \mathrm{l}\mathrm{m}\mathrm{e}$
$2\leq d<N/2$ .
procedure $conStructl(N, d)$ ;
$(^{*}2\leq d<N/2*)$
begin
(1) for $i:=0$ to $d-2$ do
connect $\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{t}\mathrm{e}\mathrm{x}i$ with vertex $i+1$ ;
(2) for $i:=1$ to $d-1$ do
connect vertex $i$ with vertex $[i-d]_{N;}$
(3) for $\prime i:=1$ to $d-1$ do begin
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$x:=i$ ;
.while $x\leq N-2d$ do begin





while $x\leq N-d-1$ do begin




Let $T_{1}(N, d)$ be a graph with the vertex set $\{0,1, \cdots , N-1\}$ and t.he edge set, specified by
procedure $conSf,ruCtl(N, d)$ . We show $T_{1}\langle 14,4$ ) in $\mathrm{F}\mathrm{i}\mathrm{g}_{\mathrm{U}1}\cdot \mathrm{e}3$, where the edges of $T_{1}(N, d)$ are indicated
by the bold lines.
Figure 3: A graph $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{l}\cdot \mathrm{u}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{d}$ by procedure constructl, $T_{1}(14,4)$
We use notation $xarrow+iy$ to denote the path of length 1 from $\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{t}\mathrm{e}\mathrm{x}x$ to vertex $y$ such that
$[y-x]_{N}=i$ . Notation $xarrow-iy$ denotes the path of length 1 $\mathrm{f}\mathrm{i}\cdot \mathrm{o}\mathrm{m}$ vert,ex $x$ to $\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{t}\mathrm{e}\mathrm{x}y$ such that
$[\mathrm{c}/-x]_{N}=-i$ . The reflexive and transitive closures $\mathrm{o}\mathrm{f}arrow+i$ and $\mathrm{o}\mathrm{f}--j\mathrm{a}\mathrm{l}\mathrm{e}$ denot,ed $\mathrm{b}\mathrm{y}\Rightarrow+i\mathrm{a}\mathrm{n}\mathrm{d}-\Rightarrow i$ ,
respectively.
Lemma 1 $T_{1}(N, d)$ is a spanning tree of $CR(N.d)$ .
Proof: The vertex set of $T_{1}(N, d)$ is $\{0,1. \cdots , N-1\}$ , and any edge $(x, y)$ of $T_{1}(N, d)$ satisfies
$[x-y]_{N}=1,$ $-1,$ $d$ , or $-d$ . Hence. $T_{1}(N, d)$ is a spanning subgraph of $CR(N.d)$ . The sets of edges
$\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{l}\cdot n\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{d}$by (1), (2), (3) and (4) of procedure $conStruc\dagger l(N, d)_{\mathrm{C}\mathrm{o}1}1\mathrm{s}\mathrm{i}\mathrm{s}\mathrm{t}$, of $d-1$ edges, $d-1$ edges,
$N-2d-(\lfloor N/d\rfloor-2)$ edges and $\lfloor N/d\rfloor-1$ edges, respectively. These sets of edges are disjoint. Hence,
the number of edges of $T_{1}(N, d)$ is $2(d-1)+(N-2d-\lfloor N/d\rfloor+2)+(\lfloor N/d\rfloor-1)=N-1$ .
Let $x$ be a vertex of $CR(N, d)$ . If $1\leq x\leq d-1$ then there is a path $0 \sum+x$ in $T_{1}(N, d)$ . If
$d\leq x\leq N-d$ and $[x]_{d}=0$ then there is a path $0\Rightarrow d-1+1\Rightarrow x-1\Rightarrow^{1}X+d+$ . If $d\leq x\leq N-d$ alld
$[x]_{d}=y$ for some $0<y<d$ then there is a path $0=4_{y}+=4^{c}+x$ . If $N-d<x\leq N-1$ then there
is a path $04+[x+d]_{N}arrow x-d$ . Hence, for any vertex $x$ of $CR(N, d),$ $\mathrm{f},\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ is a path from $0$ to $x$ in
$T_{1}(N, d)$ . Therefore, $T_{1}$ (N. $d$ ) is a spanning tree of $CR(N, d)$ . $\square$
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while $x\leq N-2d$ do begin
connect $\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{t},\mathrm{e}\mathrm{X}X$ with vertex $x+d$;
$x:=x+d$
end
(2) for $i:=d$ to $N-d-1$ do
if $[i+1]_{d}\neq 0$ then
connect vertex $i$ with vertex $i+1$ ;
(3) for $i:=d$ downto 2 do
connect $\mathrm{v}\mathrm{e}\mathrm{r}$,tex $i$ with vertex $i_{i}-1_{:}$
(4) for $i:=N-2d+1$ to $N-d-1$ do
connect $\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{t}.\mathrm{e}\mathrm{X}.i\sim$ with veltex $i+d.$,
end
Let $T_{2}.(N, d)$ be a graph with the vertex set $\{0,1, \cdots , N-1\}$ and the edge set specified by
procedure $conStruct\mathit{2}(N, d.).$
:
We show $T_{\underline{)}}.(14,4)$ in Figure 4, where the ed.ges of $T_{2}.(14,4)$ are indicated
by the bold lines.
Figrure 4: A graph constructed by procedure constr $\mathrm{t}\iota ct’\mathit{2},$ $T.\mathit{2}(14,4)$
Lemma 2 $T_{2}.(N, d)$ is a spanning tree of $CR(N, d)$ .
Proof: The vertex set of $T_{2}.(N, d)$ is $\{0,1, \cdots , N-1\}$ , and any edge $(x, y)$ of $T_{2}.(N, d)$ satisfies
$[a, -y]_{N}=1,$ $-1,$ $d,$ $\mathrm{o}\mathrm{r}-d$ . Hence, $T\underline{.)}(N, d)$ is a spanning subgraph of $CR(N, d)$ . The sets of edges
constructed by (1), (2), (3) and (4) of procedure $conStruct\mathit{2}(N.d)\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ disjoint. $\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{d}$ these sets consist
of $\lfloor N/d\rfloor-1$ edges, $N-2d-\lfloor N/d\rfloor+2$ edges, $d-1$ edges and $d-1$ edges, respectively. Hence, the
number of edges of $T_{2}.(N, d)$ is $\lfloor N/d\rfloor-1+N-2d-\lfloor N/d\rfloor+2+d-1+d-1=N-1$ .
Let, $x$ be a vert,ex of $CR(N, d)$ . If $1\leq x\leq d-1$ then there is a path $0-^{d}+d-\Rightarrow^{1}x$ in $T_{\mathit{2}}$.(N. $d$ ).
If $d\leq x\leq N-d$ and $[x]_{d}=0$ then there is a path $04_{X}^{+C}$ . If $d\leq:\iota:\leq N-d$ and $[x]_{d}=.\{j$ for solne
$0<y<d$ then $\mathrm{t}_{l}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}$ is a path $04+x-y=+;x$ . If $N-d<x\leq N-1$ and $[x]_{d}=?./$ for soIne
$0\leq y<d$ then there is a path $0\Rightarrow x-+d+1+d\prime f-y\Rightarrow X-darrow x$ . Hellce, $\mathrm{f}\mathrm{o}1^{\cdot}$ any vert,ex $x$ of $CR(N, d)$ .
there is a path $\mathrm{f}\mathrm{i}\cdot \mathrm{o}\mathrm{m}0$ to $x$ in $T_{\mathit{2}}.(N, d)$ . Therefore. $T_{\mathit{2}}$.(N. $d$ ) is a spanning $\mathrm{t}_{1}\cdot \mathrm{e}\mathrm{e}$ of $CR(N.d)$ . $\square$
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Symmetrically we can define $\tau_{3(}.\cdot N,$ $d$ ) and $T_{4}(N, d)$ as follows: Let $T_{3}.(N, d)$ be a spanning t,ree of
$CR(N, d)$ obtained from $T_{1}(N, d)$ by changing the name of each vertex $x$ to $[N-x]_{N}$ . Let, $T_{4}$ (N. $d$ )
be a spanning tree of $CR(N, d)$ obtained froln $T_{-(N,d)}$, by changing the name of each vertex $x$ to
$[N-x]_{N}$ . Examples of $T_{\}}.\cdot(N, d)$ and $T_{4}(N, d)$ are shown in $\mathrm{F}\mathrm{i}\mathrm{g}\iota \mathrm{u}\cdot \mathrm{e}5$, where $\mathrm{t}1_{1}\mathrm{e}$ bold lines are the
edges of the spaIming trees.
13 $(\perp 4,4\mathrm{I}$ 14 $(\perp 4,4\mathrm{I}$
Figure 5: $\mathrm{s}_{\mathrm{P}^{\mathrm{a}\mathrm{m}}}1\mathrm{i}\mathrm{n}\mathrm{g}$ trees $T_{3}(14,4)$ and $T_{4}(14,4)$
Lemma 3 $T_{1}(N, d)$ and $T\underline{.)}(N, d)$ are $indepe\gamma l,de7\iota,t$ spanning t.rees root.$ed$ at $0$ of $CR(N, d)$ .
Proof: We consider the paths from $0$ to $x$ in $T_{1}(N, d)$ an.d in $T_{2}(N, d)$ . When $1\leq x\leq d-1$ , these
paths are $04^{+}x$ and $0-+dd=-\xi_{x}$ . Any internal vertex $a$ of $0=4+x$ satisfies $0<a<x$ , whereas
any internal vertex $b$ of $0arrow+dd=-4x$ satisfies $x<b\leq’$. $d$ . Hence, t,hese two paths are internally
disjoint.
We next assume that $d\leq x\leq N-d$ . If $[x]_{d}=0$ then the paths fronl $0$ to $x$ in $T_{1}(N, d)$ and
in $T_{2}.(N,$ $d\rangle$ are $0\Rightarrow+1d-1\Rightarrow+dx-1arrow+1x$ and $0\Rightarrow+dx$ , respectively. Any $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{n}\mathrm{a}\mathrm{l}$ vertex $a$ of
the former path satisfies $0<[a]_{d}\leq d-1$ , whereas any internal vertex $b$ of $\mathrm{t}1_{1}\mathrm{e}$ latter $\mathrm{p}\mathrm{a}\mathrm{t}_{}\mathrm{h}\mathrm{s}\mathrm{a}\mathrm{t}_{J}\mathrm{i}_{\mathrm{S}}\mathrm{f}\mathrm{i}\mathrm{e}\mathrm{S}$
$[b]_{d}=0$ . Hence, these two paths are $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{n}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ disjoint. If $[x]_{d}=y$ for some $0<?/<d$ thell the paths
from $0$ to $x$ in $T_{1}(N, d)$ and in $T_{2}.(N, d)$ are $0=4_{y}++4_{x}$ and $0-+dd4_{x}++4_{x}-y,$ $1^{\cdot}\mathrm{e}\mathrm{s}_{\mathrm{P}^{\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}_{\mathrm{V}}\mathrm{e}}\mathrm{y}}1$.
Any internal vertex $a$ of the subpath $y\Rightarrow X+d$ satisfies $[a]_{d}=y$ , whereas any internal vertex $b$ of the
subpat,$\mathrm{h}d4+x-yz+x$ satisfies $0\leq[b]_{d}<y$ . Hence, these two paths from $0$ to $x$ are internally
disjoint.
We finally assrune that $N-d<x\leq N-1$ and $[x]_{d}=y$ for some $0\leq y<d$ . The paths $\mathrm{f}\mathrm{i}_{\mathrm{o}\mathrm{m}}\mathrm{o}$
to $x$ in $T_{1}(N, d)$ and in $T_{2}(N, d)$ are $0\Rightarrow+1[x+d]_{N}arrow x-d$ and $0arrow d+d=4_{x-}+d-y=+\pm x-darrow_{X}+d$ ,
respectively. Any internal vertex of the former path is less than $d$ , whereas any internal vertex of the
latter path is not less than $d$ . Hence, these two paths are internally disjoint. Therefore, $T_{1}(N, d)$ and
$T\underline{‘)}(N, d)$ are independent spanning trees rooted at $0$ of $CR(N, d)$ . $\square$
Symmetrically, we have the next lemlna.
Lemma 4 $T_{3}(N, d)$ and $T_{4}(N, d)$ are $indeperl,dent$ spanning trees root.$ed$ at $0$ of $CR(N, d)$ .
Lemma 5 $T_{1}(N, d)$ and $T_{3}(N, d)$ are independent spanning trees rooted at $0$ of $CR(N, d)$ .
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$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}\cdot$. We first assume that $1\leq x\leq d-1$ . The paths frolll $0$ to $x$ ill $T_{1}$ (N. $d$ ) and ill $T.\cdot$} $(N, d)$ are
$0\cong+x$ and $0=-4[x-d]_{N}arrow+dx$ , respectively. For any intelnal vertex $a$ of the $\mathrm{f}_{01}\cdot \mathrm{m}\mathrm{e}1^{\cdot}$ path and
any internal vert,ex $b$ of the latter path, $0<a<x$ and $x<N-d<b$ . Hence, tllese two $\mathrm{p}\mathrm{a}\mathrm{t}\mathrm{h}_{\mathrm{S}}\sim$ are
internally disjoint. . $\cdot$ $.\mathrm{s}$ .
We next assume that $d\leq x\leq N-d$ . If $[x]_{d}=0\mathrm{t},\dot{\mathrm{h}}$en the pat,$\mathrm{h}$ from $0\mathrm{t}o.\tau$ in $T_{1}$ (N. $d$ ) is
$0=+\pm d-14+x-1arrow+1x$ , and if $[x]_{d}=y$ for some $0<y<d$ t,hen the path from $0$ to $x$ is
$0\Rightarrow y\Rightarrow x+1+d$ . For each case any internal vertex $a$ of t,he pat, $\mathrm{h}$ satisfies $0<a<x$ . If $[N-x]_{tl}=0$
then the path from $0$ to $x$ in $T_{3}(N, d)$ is $0\cong-N-d+1=4^{-}x+1arrow X-1$ , alld if $[N-x]_{d}=y$ for some
$0<y<d$ then tlle path from $0$ to $x$ in $T_{3}$. $(N, d)$ is $0\Rightarrow N-1-y4-\alpha:$ . For $\mathrm{e}\mathrm{a}(\mathrm{h}$ case ally intel.llal
vertex $b$ of the path satisfies $x<b$ . Hellce. $\mathrm{t}‘ \mathrm{h}\mathrm{e}$ paths froln $0$ to $x$ in $T_{1}(N, d)$ and in $T_{3}(N, d)$ are
internally disjoint. : Y
Finally we assunle that $N-d<x\leq N-1$ . The $\mathrm{p}\mathrm{a}\mathrm{t}_{}\mathrm{h}\mathrm{S}$ froln $0$ to $x$ in $T_{\lfloor}(N, d)$ and in $T_{3}.(N, d)$
are $04+[x+d]_{N}arrow-dx$ and $0=4-x$ , respectively. For any internal $\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{t}\mathrm{e}\mathrm{x}$ $a$ of the forlner path
$0<a<d$ , and for any internal vertex $b$ of the latter path $x<b$ . Hence, tllese two pat,hs $\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ internally
$\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{j}\mathrm{o}\mathrm{i}_{1}1\mathrm{t}$. Therefore, $T_{1}(N, d)$ and $T_{3}.\cdot(N, d)$ are independent spanning t,rees rooted at $0$ of $CR(N, d)$ .
$\square$
Lemma 6 $T_{2}(N, d)$ and $T_{4}(N, d)$ are independent $spanr\iota.in.g$ trees rooted $0,t0$ of $CR(N, d)$ .
Proof: We first assume that $1\leq x\leq d-1$ . Let $[N-x]_{d}=y\mathrm{f}\mathrm{o}1^{\cdot}$ some $0\leq y<d$ . Then the $\mathrm{p}\mathrm{a}\mathrm{t}1_{1\mathrm{S}}$
from $0$ to $x$ in $T_{2}(N, d)$ and in $T_{4}(N, d)$ are $0arrow+dd=-\xi x$ and $0=-4x+d+y=4-x+darrow-dx$ ,
respectively. These two paths are intelnally disjoint.
$d$
We next assrune that $d\leq x\leq N-d$ . If $[x]_{d}=0$ then the path from $0$ to $x\dot{\mathrm{r}}\mathrm{n}T_{\mathit{2}}(N, d)$ is $0\Rightarrow X+d$ ,
and if $[x.]_{d}=y$ for some $0<y<d$ then the path from $0$ to $x$ ill $T_{2}.(N, d)$ is $04+x-\mathrm{e}/=4+x$ . In
each case any intelual vertex $a$ of the pat,$\mathrm{h}$ satisfies $0<a<x$ . If $[N-x]_{d}=0$ then the path from
$0$ to $x$ in $T_{4}(N, d)$ is $04^{-}x$ , and if $[N-x]_{d}=y$ for solne $0<y<d$ then the path frolll $0$ to $x$ in
$T_{4}(N, d)$ is $0-\Rightarrow xd+y\Rightarrow x-1$ . In each case any internal vertex $b$ of t,he path satisfies $x<b$ . Hence,
for any case the paths fronl $\mathrm{o}$ to $x$ in $T_{2}(N, d)$ and in $T_{4}$ (N. $d$ ) are internally disjoint.
We finally assume that $N-d<x\leq N-1$ . Let $[x]_{d}=y$ for some $0\leq x<d$ . The $\mathrm{p}\mathrm{a}\mathrm{t}_{}\mathrm{h}\mathrm{S}$ from $0$ t,o
$x$ in $T_{2}(N, d)$ and in $T_{4}(N, d)$ are $0\Rightarrow x-d-+d+y\Rightarrow x-darrow_{X}1+cl$ and $0-arrow Nd+1-d\Rightarrow x$ , respectively.
These two paths are internally disjoint. $\mathrm{T}\mathrm{h}\mathrm{e}\Gamma \mathrm{e}\mathrm{f}\mathrm{o}\mathrm{l}\cdot \mathrm{e},$ $T_{\mathit{2}}.$ (N. $d$ ) and $T_{4}(N, d)$ are independent, spanning
trees rooted at $0$ of $CR(N, d)$ . $\square$
Lemma 7 $T_{1}(N, d)$ and $T_{4}(N, d)$ are independent spanning trees rooted at $0$ of $CR(N, d)$ .
Proof: We first assume that $1\leq x\leq d-1$ . Let $[N-x]_{d}=y$ for some $0\leq y<d$ . The paths from $0$
to $x$ in $T_{1}(N, d)$ and in $T_{4}(N, d)\mathrm{a}\mathrm{l}\cdot \mathrm{e}0\Rightarrow_{X}+1$ and $0=-4x+d+y\Rightarrow x-1+d-arrow xd$ , respectively. These
two paths are internally disjoint.
We next $\mathrm{a}\dot{\mathrm{s}}\mathrm{s}n\mathrm{m}\mathrm{e}$ that $d\leq x\leq N-d$ . If $[x]_{\mathrm{t}l}=0$ then the path $\mathrm{f}\mathrm{i}\cdot \mathrm{o}\mathrm{m}0$ to $x$ in $T_{1}(N, d)$ is
$0=4+d-+1+1=^{4_{x-}}d+1-+1\alpha:$ , and if $[x]_{d}=y$ for some $0<y<d$ then the path from $0$ to $x$ in $T_{1}(N, d)$
is $\mathrm{O}\Rightarrow yarrow x$ . For each case any internal vertex $a$ of the path satisfies $0<a<x$ . As for the path
from $0$ to $x$ in $T_{4}(N, d)$ , if $[N-x]_{d}=0$ then it is $0\Rightarrow-clx$ , and if $[N-x]_{d}=y$ for some $0<y<d$
then it is $0-\Rightarrow xd+y\Rightarrow x-1$ . For each case any internal vertex $b$ sat,isfies $x<b\leq N-1$ . Hence, for
any case the paths from $0$ to $x$ in $T_{1}(N, d)$ and $T_{4}(N, d)$ are internally disjoint.
We finally assulne that $N-d<x\leq N-1$ . The paths from $0$ to $x$ in $T_{1}(N, d)$ and in $T_{4}(N, d)\mathrm{a}\mathrm{l}\cdot \mathrm{e}$
$04+[x+d]_{N}arrow-dx$ and $0arrow N-d-d\Rightarrow 1+x$ , respectively. These two paths are internally disjoint.
Therefore, $T_{1}(N, d)$ and $T_{4}(N, d)$ are independent spanning $\mathrm{t}_{1}\cdot \mathrm{e}\mathrm{e}\mathrm{s}$ rooted at $0$ of $CR(N, d)$ . $\square$
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Symmetrically, we have the next lenuna.
Lemm,a 8 $T_{2}(N,’ d)$ and $\tau_{3}.\cdot \mathrm{f}N,$ $d$ ) are $inde_{I^{Jend.’ i_{7}t\gamma\cdot}}\prime entSpann.\iota ge.e.s$ rooted at $0$ of $CR\langle\dot{N}$. ,
$d$ ).
From Lenuma 3-Lermna 8, we have the Ilext t,heorem.
Theorem 1 For any 2 $\leq d<N/2,$ $T_{1}(N, d)$ . $T_{2}(N, d),$ $T_{3}(N, d)$ and $\tau_{4}(N,$ $d1$ are independe’$|.t$.
spanning trees rooted at $0$ of $CR(N, d)$ .
We next consider the case where $2\leq d=N/2$ . In this case $CR(N.d)$ is 3-conllected.
procedure const.$7^{\cdot}uct\mathit{5}(N, d)$ ;
$\langle*2\leq d=N/2^{*})$
begin
(1) $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{c}:\mathrm{t}$ vertex $0$ with $\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{t}\dot{\mathrm{e}}\mathrm{x}d$;
(2) for $i:=d$ to $N-2$ do
connect vertex $i$ with vertex $i+1$ ;
(3) for $i:=d$ downto 2 do
connect vertex $i$ with vert,ex $i-1$
end
Let $T_{5}(N, d)$ be a $\mathrm{g}_{1}\cdot \mathrm{a}_{1^{)}}\mathrm{h}$ with the vertex set $\{0,1, \cdots , N-1\}$ and t,he edge set specified by
procedure $construct\mathit{5}\mathrm{t}N,$ $d$ ). We can show that $T_{5}.(N, d)$ is a spanllin$\mathrm{g}$ tree root,ed at, $0$ of $CR(N, d)$ .
For the case where $2\leq d=N/2$ , we can also apply procedure $co7lstruct\mathit{1}(N.d)$ . $\mathrm{F}\mathrm{o}1^{\cdot}$ this case we
denote the spamling trees specified by procedure $conStruct,l(N, d)$ by $T_{1}’$ {N. $d$ ). Let $T_{3}’.(N, d)$ be a
spanning tree of $CR(N, d)$ obtained $\mathrm{h}\mathrm{o}\mathrm{m}T_{1}’(N, d)$ by replacing the name of each vertex $x$ by $[N-x]_{N}$ .
In a similar way we can show the next theorenl.
Theorem 2 For any $2\leq d=N/2,$ $T_{1}’(N, d)$ . $T_{3}’.(N, d)$ and $\tau_{\ulcorner}.()N,$ $d)$ are $independe7\iota t_{S},po7,ning$ tree8
root.$e,d$ at $0$ of $CR(N, d)$ .
In Figure 6 we show three independent, spanning t,rees $T_{1(}’14,7$ ), $\tau’3(14,7)$ and $T_{5}(14,7)$ of $CR(14,7)$ .
l.il $14,$ /) $\mathit{1}_{\dot{3}}(\perp 4,$ $/_{l}$ 15 $(\perp 4, l)$
Figure 6: Three independent spanning trees of $CR(14,7)$
$\mathrm{F}_{1}\cdot \mathrm{o}\mathrm{m}$ Theorem 1 and Theorem 2 the following theorelll is inlmediate.




We can consider a more general family of $\mathrm{c}1_{1\mathrm{O}}\mathrm{r}\mathrm{d}\mathrm{a}1$ rings. A chordal $1^{\cdot}\mathrm{i}\mathrm{n}\mathrm{g}CR(N, d_{1}, \cdots, d_{\mathrm{A}}.)$ is a
graph $G=(V, E)$ , where $V=\{0,1, \cdots , N-1\}$ and $E=\{(\iota\iota, v)|[v-u]_{r}\backslash ^{\ulcorner}=1$ or $[\iota’-u]_{N}=$
$d_{\mathrm{i}}$ for some $i(1\leq i\leq k)\}$ . Chordal rings discussed in this paper are the case where $\lambda\cdot,$ $=1$ in $\mathrm{t},\mathrm{h}e$
definition of the generalized $\mathrm{C}\mathrm{h}_{0}\Gamma \mathrm{d}\mathrm{a}1_{1\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{s}}$ . In general we do not know how f,o $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{l}\cdot \mathrm{t}\mathrm{l}\mathrm{C}\mathrm{t}$, efficiently the
maxinlum number of independent, spanning $\mathrm{t}_{1}\cdot \mathrm{e}\mathrm{e}\mathrm{s}$ rooted at the same vertex of a $\mathrm{g}e\mathrm{n}\mathrm{e}\mathrm{l}\cdot \mathrm{a}\mathrm{l}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{d}$ chordal
ring. A graph $G=\langle V,$ $E$ ) with $N$ vertices is called the N-hypel$\cdot$-ring if $V=\{0,1, \cdots , N-1\}$ and
$E=$ { $(n,$ $v)|[\cdot v-u]_{N}$ is a power of 2}. Hyper-rings belong to the family of generalized chordal rings,
and the network family has been much $\mathrm{s}\mathrm{t}$,udied [1]. However. we do not $\mathrm{k}_{11}\mathrm{o}\mathrm{w}$ at, presellt, whether for
each $N$ , there are as many independent $\mathrm{s}_{\mathrm{P}^{\mathrm{a}\mathrm{n}\mathrm{n}\mathrm{i}\mathrm{n}}\mathrm{g}}$. trees root,
$e\mathrm{d}$ at the s.ame $\mathrm{V}\mathrm{e}\Gamma t,\mathrm{e}\mathrm{x}$ of N-h,$\mathrm{y}..\mathrm{p}\mathrm{e}1^{\cdot}$-ring as
its connectivity.
It is also interesting to study how we design efficient broadcasting protocols for $CR(N, d)$ , in
particular for one-port mode, based on message translnission $\mathrm{t}\mathrm{h}\cdot \mathrm{o}\mathrm{u}\mathrm{g}\mathrm{h}$ independent, spanning trees
$T_{1}(N, d),$ $T_{2}(N, d),$ $\tau 3(N, d)$ and $T_{4}(N, d)$ (or $\tau_{1}’(N, d),$ $\tau/$ ($3N,$ $d\mathrm{I}$ and $T_{5}(N,$ $d)$ ).
These problelns would be worthy for further investigation.
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